defined on them, and further historical references, we refer to Axler [1] , Zhu [10] , and a more modern approach in [2] . In this paper, we define weighted Bergman-type spaces b 
(S T ), for p > 1 and p > (1 + β)/(1 + α).
The proof of the boundedness of these projections is based on a version of the Schur's test, and the theory of Fourier multipliers. Using the fact that P α is bounded we obtain the duality between the Bergman spaces.
The main results of this paper are the following theorems. 
The paper is organized as follows. After some preliminaries in Section 2, we define the Bergman space b p β (S T ) in Section 3. In Section 4, we define a family of reproducing kernels and projections P α . Finally, in Section 5 we prove the boundedness of the projections P α and the duality between the Bergman spaces.
For Ω ⊂ R
2
+ an open set, let
We will call the elements of H(Ω) temperature functions. K(x, t) will denote the Gauss-Weierstrass kernel. For t > 0, let
and for t ≤ 0, let K = θ = ϕ = 0 (see [8] ). Moreover, 1) , and Γ 3 = (0, 1) × {0}, and let λ be the onedimensional Lebesgue measure on Γ .
We consider the heat kernel K(x, t; ξ, τ) on Q × Γ defined as follows:
is a temperature function on Q.
, where the mapping Ψ : Q → R is defined by
By (2.6) we have
where
and λ R is the one-dimensional Lebesgue measure normalized on each segment of Γ R . In [5] it was proved that there is a constant C > 0 such that
In particular for 0 < t ≤ T < ∞ there is a constant C T > 0 such that
Now, suppose f is a 2-periodic continuous function on R. Then u is a temperature function on R On the other hand, if
by Minkowski's integral inequality, we have
14)
The following result, proved in [6] , will be useful in this paper.
where |R| is the area of R and C p is a constant depending only on p > 0.
Next, we prove a variant of Schur's lemma (see [9] ). This result provides a sufficient condition for the boundedness of an integral operator T defined on 
Proof. Let γ ∈ R. Making the change of variable t = τs, we have
by letting γ = δp − α and γ = δp − β, respectively.
The Bergman space
We will show that b
and therefore a Banach space. For this aim, we will need the following result.
z ∈ , let R z be a rectangle such that z is the midpoint of the upper boundary of R z , with height(
By Lemma 2.3 there is a constant C > 0 such that
for all u ∈ b p W (Ω). We conclude the proof by choosing rectangles R z congruent to one another, for every z ∈ .
We will show that u is a temperature function on Ω (except on a set of measure zero).
It follows that (u j ) converges uniformly on R to a continuous function v.
By Remark 2.1 and the dominated convergence theorem we have
Since the function v is continuous on Γ R then v is a temperature function on R. On the other hand, u j → u in L p W (Ω) and then some subsequence of (u j ) converges to u almost everywhere on Ω. Therefore u = v a.e. on R and u ∈ H(R). Since (x 0 ,t 0 ) ∈ Ω was arbitrary, we conclude that u ∈ H(Ω).
We will write
Hence the Riesz representation theorem shows that there is a function
The function N : Ω × Ω → C is called the reproducing kernel of b 2 (Ω), some of its properties are the following (see [2] ):
(2) N is real-valued and symmetric;
There is a unique orthogonal projection P :
For T > 0, we define
We will call the elements of H(S T ) temperature functions on the cylinder S T .
Definition 3.5. For 1 ≤ p < ∞, we define the Bergman space of temperature functions on the cylinder S T as
In b p W (S T ) we define the following norm: 
is the integral operator given by
We will prove that the extension of the Bergman projection P to L p (Ω T ) is bounded for all p > 1. Actually, we will show that P is bounded on certain weighted Bergman spaces.
From now on, we will be working with weights consisting of powers of the distance of a point to the base of the cylinder, that is, we consider W β : 
Proof. Given
Since v is uniformly continuous on Ω T , it is easy to see that lim
The uniqueness of the solution of the heat equation on a finite cylinder and (2.12) allow to write 
. Let β > −1 and 1 ≤ p < ∞. Then H(S T ) ∩ C(S T ) is dense in b p β (S T ).
Now, to compute the reproducing kernel we need to find an orthonormal basis of b 2 (S T ), so if we define 
By (2.14) we obtain
.
(3.34)
Multiplying the previous inequality by t β and integrating on (0,T ), we get
Therefore, u − |n|≤N a n u n b p β (S T ) < C T ,β . Since > 0 is arbitrary the result follows.
Clearly, the sequence (u n ) n∈Z defined in (3.30) is an orthogonal set in b 2 (S T ).
It follows that the sequence ( u n

−1 b 2 (S T ) u n ) is an orthonormal basis of b 2 (S T ).
We have
for all n ∈ Z * , where γ is defined by
= 2T . By (3.16) it follows that
4. The projections P α . Before proving the continuity of the Bergman projection, we will study certain integral operators P α with kernel N α . The operators P α will turn out to be continuous projections on b p β (S T ).
we have that c m,α ≤ C α m 2(1+α) , for all m ∈ Z * .
Using the fact that e −x ≤ C λ x −λ for x > 0 and λ ≥ 0, we get
Therefore, the series defining N α converges absolutely and uniformly on It is easy to see that
for all n ∈ Z. Therefore, P α is a projection on the linear space generated by {e −π 2 n 2 t+πnix }.
We want to show the continuity of P α on L p β (Ω T ). In order to do so, we analyze the following operator:
(4.7) The series defining Θ α has the same properties of convergence as N α .
Let K α (x, t) be the function defined as
where −1 is the inverse Fourier transform with respect to the variable ς.
We have the following estimate:
(4.10) Therefore,
, where
Now we get an alternate expression for the function θ α in terms of the function K α .
Proof. From (4.11) we have
Hence, the series converges uniformly on compact subsets of R 2 + and therefore it is continuous. Since the series is 2-periodic in x, it admits a representation as a Fourier series, 
By the dominated convergence theorem we have
(4.17)
The following result is the key to prove the boundedness of the operator P α . The proof is based on the Schur's test.
is bounded.
Proof. Since Θ α (·,w)∈ H(S T ), it follows that T α u ∈ H(S T ) for u ∈ C
∞ c (Ω T ). By Lemma 2.4, it is enough to prove that for each p there is a positive measurable function h(x, t) such that
By Proposition 4.6 and (4.11) we have that
Using (2.11) we get for 0 < x,y < 2 that
From the estimate in (4.21), together with the above calculations and letting λ = 1, 2 we conclude that
The proof of the second inequality is similar.
The theory of Fourier multipliers is another useful tool that it will help to define an isomorphism ᏹ α connecting the operators T α and P α .
for all trigonometric polynomials f .
The following result about multipliers is due to Hirschman [7] .
Proof. By Lemma 3.9 it is enough to define the operator ᏹ on the elements e −π 2 n 2 t+πnix , n ∈ Z:
We note that ᏹ can be written as ᏹ = C 1 I + ᏹ , where I is the identity operator and ᏹ is a multiplier operator by Theorem 4.9. Thus, there exists .
(4.27)
Proof of the main theorems.
By the previous work, it is easy to prove that the operator P α is bounded on L p β (Ω T ).
Proof of Theorem
Using the fact that e −t ≤ C σ t −σ for t, σ > 0, we have that 
On the other hand, by letting α = n/2 in (4.1) we define the operator T n as follows: It is easy to see that
for all m ∈ Z. By the inequality in (4.26), we have that there is a constant C n > 0 such that
By multiplying this inequality by t np/2 , integrating on (0,T ), and using
Tonelli's theorem we have The proof of the other inequality is similar.
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